Abstract. This paper considers the issues of building a model of the cluster organization of Al 2 O 3 on principles directly associated with the involvement of a non-Euclidian technique of describing. As a modeling space, which most adequately describes the internal structure of a real crystal, a finite closed space with elliptic metric and constant positive Gaussian curvature (K=1) was chosen, which assumes the realization of lattice systems in compliance with Fedorov groups of transformations. An algorithm for generating the cluster structures is presented, which determines the sequence of filling of the model space with cations and anions, taking into account the symmetry of a microstructure (a Fedorov group) and the electrostatic parameters of ions. Calculations of the geometrical sizes of nano-and microcrystalline complexes of Al 2 O 3 are given, taking into account the structural features of their formation at the cluster level. Practical applications connected with improving the structural characteristics of crystalline materials are discussed.
Introduction
An interest in aluminum oxide materials with the aim of studying and explaining both their physicochemical properties and effects of external fields and different media from a position of structural evolution of the materials is constantly growing, both for predicting the possible changes of their properties over time and the future behavior of the materials under functional conditions, and for improving process technologies in various technical applications. The investigations and modeling of crystalline structures of oxides and their physical properties stand out in this direction, which are closely connected with the detailed study of microstructures at the molecular level: differentiation between surface and bulk effects given the grain sizes and boundaries, determination of conditions of the evolution and stabilization of a crystalline structure at different scale levels of the structural organization [1] [2] [3] . Many of those structures play a significant part in composites, ceramics, alloys, and solutions as coloring composites, alloying constituents, etc.
The theoretical prediction of crystallogeometrical characteristics of aluminum oxide and its modifications is one of the fundamental aspects of the creation of exact structural information that is applicable not only for a theory, but for solving problems of a practical technology. In this work, modeling the crystalline complexes of alumina materials was carried out with the aim of perfecting production technology. The information about the behavior of the material structure at different scale levels is essential to evaluate the reliability, durability, and processability of details and different elements of a construction, as well as to create new materials and technologies [4, 5, [9] [10] [11] . From the viewpoint of modern mechanics and physics of condensed matter, the internal structure of a material substantially influences its behavior under load. Experimental and theoretical investigations denote a key role of the internal structure in the processes of stress concentrating, localizing of plastic deformation, and crack nucleating and developing [4, 5] .
Modeling Structures of Crystalline Complexes of Al 2 O 3
For building the geometrical models of crystalline structures of aluminum oxide, the approach developed in the works [6] [7] [8] [9] [10] [11] is used. The basis of the suggested theoretical approach to modeling the crystalline structures in Riemann geometry conditions are the investigations of different non-Euclidean techniques for describing elements of a crystal lattice [6, 7] . When modeling crystal structures, the space of Riemannian geometry ( ) with the constant Gaussian curvature К = 1, that coincides in sufficiently small regions with a Euclidean space, was chosen as a modeling space. In this case, we deal with a finite space where the distance between any two points does not exceed a certain value. For a model of the crystal structure in an elliptic space, as well as in the Euclidean case, the conditions of the global discreteness and homogeneity are fulfilled.
When constructing crystal lattices, simulated groups of transformations, which are used for the computations of point systems, are the basic tool of investigating. When modeling under the conditions of Riemannian geometry, it will be natural to maintain the term "Fedorov group" for discrete groups of movements, which we shall denote by F-groups.
The basic difference from existing approaches to modeling consists in a statement according to which the organization of a lattice structure happens in accordance with a certain F-group
, where
I is a functional that sets up a correspondence between a Fedorov group Ф in the Euclidean space E 3 and a F-group operating in the Riemannian space ). The principal difference of modeling of a crystalline structure in a Euclidean space and in the Riemannian geometry conditions consists in the following: in a Euclidean space, a model of a crystal possesses the translation symmetry and an infinite lattice, and does not possess a center of symmetry, zonality, and sectoriality. The question about the faceting of a crystal is solved with the help of introducing different sets of the so-called "boundary conditions". Simply speaking, the ideal Euclidean model of a crystal does not possess those structural features that are characteristic for real crystals, except for a fragmentary coincidence to restricted fragments of a plane lattice.
In the suggested model there is the other situation. A model of a crystal, or a microstructure, is restricted in sizes, has a certain shape and symmetry, is zonal and sectorial, and also possesses a center -that is, it possesses practically a complete set of the structural and symmetry characteristics which the real crystal of a mineral has. If one takes into account that both the radius of the electrostatic field of an ion and the linear dimensions of a microstructure are computed in accordance with values of the ionic radius R i and atomic radius R a for a given substance, we can always estimate both real sizes of microcrystalline blocks and distances at which there are electrostatic interactions between real ions.
With the use of the approach under consideration, modeling the cluster organization of microstructures of oxides was performed, as well as practical applications aimed at perfecting crystalline materials and improving their physical properties were developed.
For visualization of the results of modeling, the interpretation of geometrical objects ( , F-groups, and symmetries) in Riemann geometry is used [6] . In three-dimensional Euclidean space, a 2D torus 2 T , on which the basic geometric transformations (lattices, elements of Fedorov groups) are considered, corresponds to the Clifford surface ).
General procedure of modeling crystal structures in elliptic Riemannian geometry may be reduced to the following stages, according to the principles developed in [9] : 1) Modeling the lattice structures of α−Al 2 O 3 in accordance with its Fedorov group of symmetry Ф=D 6 3d − P 3c (the hexagonal system, a=4.758Å, c=12.991Å), realized in the elliptic Riemannian space with the involvement of visualizing the model constructions. On the basis of the data obtained when modeling point systems with a given Fedorov group, it is possible to receive information about the morphology of a structure and a type of zonality, as well as to make suppositions of different types of anisotropy [6, 7, 9, 10] ; 2) Modeling the electrostatic fields of ions in the case of pair interactions for the elements Аl 3+ and O 2-participating in the formation of the crystalline sub-lattices α−, β−, θ−, and γ−Al 2 O 3 ; constructing the potential surfaces answering to minimal energy [8] . The structural features of an electrostatic field in the Riemannian space, considered for the case of interacting the unlike charges of ions, impose the special conditions which lead to the formation of coherent states and to the formation of the local closed regions of attraction and repulsion. For computing the ionic structures of Al 2 O 3 in the electrostatic approximation, the following basic system of Coulomb type was used, in which the electrostatic potential of interaction between oppositely charged particles is given by:
where is the distance computed using the elliptic metric, is the least possible distance between the centers of ions i and j, is a charge of ion i, is a charge of ion j, is the dielectric constant. In this system, the condition of electroneutrality must be fulfilled: ∑ = 0. The possible distances between ions are estimated by minimum values of the potential, and then a computer program selects only those ions that answer to a defined symmetry (the presence of defined elements of symmetry, ), energy relations, and principles of the organization of a structure [8] .
3) Mathematical modeling of microstructures of Al 2 O 3, taking account of stoichiometric variations, the symmetry of a microstructure, a structure of electrostatic fields of ions and their systems, and the principle of closest packing. For development of new technologies for producing more perfect materials and managing directed changes in Al 2 O 3 crystalline structures, one needs to use a system approach to studying structural features, which requires a selection of a defined system of components in an object under study. In this case, it will be a cluster possessing a population of bonds between elements determining the intermolecular (short-range order) and supramolecular (intermediate-range order) structures.
At the bottom of our mathematical model is an idea of clusters as stable formations that are formed during solid-phase reactions between ions. Clusters having reached a critical size are spent on nucleation and play a significant part in crystal growing: they diffuse toward the surface of the growing crystal and wait, in their turn, for new clusters with casual orientations on the surface. Under such a mechanism, the growth of crystals happens as if it is quantized by portions of clusters; at first a material is depleted due to crystal formation and growth, and then enriches itself due to creating new clusters.
For modeling the structures of crystalline complexes of Al 2 O 3, an algorithm for generating the cluster structures was developed. This algorithm determines the sequence of filling of the model space with cations and anions, providing the consecutive attachment of new ions to initial "zero elements", or to some ready-built complex, and includes the following consecutive steps:
Step 0. Initializing parameters of the algorithm (types of ions), an initial point O, and iteration indices k = 1 and N = 0.
Step 1.The first ion is attached to the beginning ion so that a touch of appropriate fields is realized; the position of the attached ion relative to the beginning one is fixed by a defined algorithm taking into account the ionic valency.
Step 2.To one of those ions (to what ion it is selected in a random manner), the third is attached, and so forth up to a predetermined number of built clusters; and a defined cluster must not overlap any previous one.
Step 3.The program further densifies the obtained cluster with new attachments, satisfying the additional condition of increase of the density. The density is computed as the ratio of the current number of ions N in a cluster to the volume of a sphere circumscribed about a system from its center of mass:
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where R is the distance from the cluster's center to the most distant atom. The process terminates when it finishes counting all the cluster of the system, built at this moment. The energy is computed for the system. If ∆ = − ≤ 0, i.e. if the change of the position of a cluster does not exceed the system's energy, then a new configuration of the system is accepted as the initial for the next step (on iteration N+2), else the program performs Step 1.
Cluster Models of Al 2 O 3 Structures. Minimal Structural Element Al 4 O 6
The computations of parameters of potential curves for the [Al 3+ ]-O system, performed in the work [11] , give an opportunity to compute geometric parameters of the cluster organization of Al 2 O 3 nano-and microstructures. This allowed us to reveal the minimal structural element Al 4 O 6 , the parameters of which were computed in the model space ( Table 1) . Positions of the ions in the cluster Al 4 O 6 at different fixed distances R i are determined by its crystalline energy and satisfy the condition of an energy surface minimum. The geometric structure of the cluster was optimized by internal degrees of freedom with the use of numerical simulation. The geometric configuration of the Al 4 O 6 cluster and a set of the external physicochemical conditions (a structure of the electromagnetic field, thermodynamic parameters, crystallophysical parameters) specify the techniques for packing of the clusters in different motifs, which form nanoand microstructures in accordance with the closest-packing principle ( Fig. 1-3 ). The most deformation-resistant crystalline structure answering to the closest-packing principle is presented in Figure 3 . Advanced Materials Research Vol. 872 The constructed models possess all the attributes of a real crystal: a center, an exterior faceting, symmetries of a certain Fedorov group, finite dimensions, and zonality.
Modeling Al 2 O 3 Crystalline Complexes at Nano-and Micro-Scaled Levels
Modeling the crystalline complexes of Al 2 O 3 in this work was carried out at nano-and microscaled levels of description of a separated monocrystal in an initial state, which was approximated by a set of finite elements. When forming a crystalline structure, each point of a finite element is assigned a crystalline complex (crystallite). The finite element is a crystallite, the bulk of which is in a homogeneous stressedly-deformed state. The original modeled monocrystal is an aggregation of fragments-crystallites. The bulk of the Al 2 O 3 crystallite was modeled with the use of sets ( ) consisting of the electroneutral clusters of Al 4 O 6 with the diameter =37.7 Å.
As examples of the realization of the developed principles of modeling, the computations of crystalline complexes participating in the formation of the crystalline sub-lattices of β-, θ-, and γ-Al 2 O 3 are presented. A primary chain of the clusters possesses a linear structure for Models I and II, which is described by the following expression:
where =3.13Å, =3.24Å, =5.41Å, and =5.65Å, which are the parameters of potential curves from the work [8] , d is the diameter of a modeled cluster, and m is the model step ( Table 2 ). The two-dimensional index of complementary connectivity ( , ) can be used for describing the ordered structures of stable cluster ensembles in the form of short chains, micro-layers, and microcarcasses. The index specifies degrees of connectivity of clusters (as in graph theory) at two levels-on vertices and on edges. The first parameter-the vertex-connectivity-shows the number of clusters having a common vertex with the initial cluster ( ), the second parameter-the edgeconnectivity-the number of clusters having a common edge with the initial cluster ( ). The packing of the clusters, according to Formula 4, determines absolute values of vectors of translations of the primary chains for the chosen models. For Model I the index of complementary connectivity on vertices ( ) is maximal, =6, for Model II =2, and for Model III =0, respectively. If you see how many common edges one cluster has with the others, then you'll find out that Model III has a maximal value of index which is equal to 3, Model II =0, and Model I =2, respectively. Thus,
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Nanomaterials for Structural, Functional and Biomedical Applications the total index of complementary connectivity ( , ) characterizes the techniques of packing and the stability of the primary chains of clusters for the chosen models. Model III possesses the most stable structure with the total index (0, 3) for the clusters' primary chains which form the most stable micro-layer in comparison with the other models. When modeling the close-packed crystalline complexes, the structural factors were taken into account, which influence the formation of the crystalline sub-lattice α-Al 2 O 3 :
where the form-factors =0.940 and =0.691 are additional parameters taking into account the form of bonds of the clusters in the primary chain of a crystalline complex (Table 3 ). The value 1 − characterizes the packing of a primary chain of the clusters along translational vectors of a model of the structure of a crystalline complex.
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Summary
The possibilities of building a model of Al 2 O 3 crystalline complexes on other principles directly associated with the involvement of a non-Euclidian technique of describing are shown. A choice of sizes of the crystalline complexes, the computations of which are given in this work, is essential for obtaining their optimal structural parameters. The constructed models of the cluster organization of Al 2 O 3 take into account the finite character of a crystalline structure, the zonality and sectoriality of real crystalline materials, and therefore, from our point of view, are most appropriate for using them in the practical applications on improving materials.
On the basis of the constructed models we have developed a method and modes of exposure by a constant magnetic field with a specified symmetry, which facilitate self-cleaning and perfecting the γ-Al 2 O 3 crystalline materials, including firing at temperatures of 750-950ºC within 12-72 hours [11, 12] . Numerical simulation of Al 2 O 3 crystalline structures allows controlling the structures on multiple length scales and creating brand new materials with an ultrafine-grained structure as well as materials with unique properties and heightened operational characteristics [11] [12] [13] [14] .
The suggested approach can be used for computing the geometrical sizes of the cluster organization of oxide nanostructures, as well as for developing the practical applications connected with improving the structural characteristics of crystalline materials.
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